SADLER MATHEMATICS SPECIALIST
UNIT 1

WORKED SOLUTIONS

Chapter 5 Geometric proof

Exercise 5A

Question 1

RTP: For the given diagram, ZABC =90°

AUC

Proof:
ZA0C=180° ZAO0C is a straight angle as AC is a diameter
ZABC =90° Angle at the centre is twice the angle at the circumference

Alternatively
RTP: For the given diagram, ZABC =90°

Construction: OB radius

ch
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Proof:

OA=0B=0C Radii of same circle
Let /OBA =a, ZOBC=8

/0AB=a AOAB is isosceles
Z0CB=8 AOBC is isosceles

Z/0OAB + Z/ABC+~/0CB =180° Angle sumin a triangle.
o+a+p+p=180°

200 + 23 =180°

o + B =90° asrequired

Question 2

RTP: For the given diagram, Z/AEB = Z/ADB = Z/ACB

Construction: OA, OB radii

Proof:
Let ZAOB =a°
ZAEB = % Angle at the centre is twice the angle at the circumference
ZADB = % Angle at the centre is twice the angle at the circumference
Z/ACB = % Angle at the centre is twice the angle at the circumference

[e]

. /AEB= /ADB= 4A(:|3:°°7 as required
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Question 3

RTP: For the given diagram, ZPQR + ZPSR =180°
ZQPS+ ZQRS =180°

Construction: OP, OR radii

Proof:

Let ZPOR =a

ZPQR 2%0 Angle at the circumference is half the angle at the centre
Reflex Z/POR = (360 —a.)° Angle sum around a point

/PSR = (360—2_(1)0 Angle at the circumference is half the angle at the centre

= (180 - Ejo
2
aO

/PQR + /PSR :%+180°—?

=180° as required

Likewise, we can show ZQPS+ ZQRS =180°
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Question 4

RTP: x =25 for the diagram given diagram

Proof:

ZAO0C =130° Angle at the centre is twice the angle at the circumference
OA=0C Radii of the same circle

Z0AC = /Z0CA=x° Base angles of an isosceles triangle

Z0AC + ZOCA+/0AC =180° Angle sum in a triangle.
X +x +130 =180

2x +130 =180

2x=50

x = 25 asrequired

Question 5

RTP: Prove x =25 for the given diagram

Proof:

AC is a diameter Chord passing through centre

ZABC =90° Angle in a semicircle

/BAC = 25° Angle sum of a triangle

/BAC = ~/CDB Angles in the same segment are congruent

X =25 as required
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Question 6

RTP: x=64 for the given diagram

Proof:
BA=BC Given
AABC is isosceles 2 congruent sides
/BAC = /ZBCA =58° Base angles of an isosceles triangle
/ABC=180-116 =64° Angle sum of a triangle
/ADC =116° Opposite angles of a cyclic quadrilateral are supplementary
Z/CDE + ZCDA =180° Angles forming a straight line
X+116 =180
X = 64 as required
Question 7

RTP: Prove x =158 for the given diagram

Proof:
«D0OB =92° Angle at the centre is twice the angle at the circumference
20DC+ «#DCB+ £CBO + #BOD = 360° Angle sum of a quadrilateral

«/DCB =360-60-50-92
=158 as required
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Question 8

RTP: x =24 for the given diagram

Proof:
ZABE =62° Angles forming a straight line are supplementary
/ AEB =66° Angle sum of a triangle
/BED =114° Angles forming a straight line are supplementary
2/ BCD =66° Opposite angles of a cyclic quadrilateral are supplementary
Angles forming a straight line are supplementary
/FCB+ «BCD + «DCG =180° Angles forming a straight line
90+66+ x =180
X = 24 as required
Question 9

RTP: x=70 for the given diagram

Proof:

OC=0D

Z0CD =20°

ZCOD =140°

ZCOB =40°

Z0OBA =40°

ZBAO =90°

ZADB =50°

Radii of same circle

Base angles of isosceles triangle

Angle sum of a triangle F
Angles forming a straight line are supplementary
Alternate angle to ~COB

Angle in a semicircle

Angle sum of a triangle

/ADC =70°, ZEDF=70° as required Vertically opposite angle to Z/ADC
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Question 10
RTP: ZOBA = Z0BC =90° in the given diagram

Construction: OA, OC radii

Proof:
0]
OA=0C Radii of same circle
. (] (|
AB=CB B
C Given OB Common A wc
AOBA =AOBC SSS congruence
Z0BA=20BC Corresponding angles in congruent triangles
Z0OBA+ Z0OBC =180° Angles forming a straight line are supplementary
2x ZOBA =180°
Z0BA =90°
Z0BC =90° as required
Question 11
RTP: DE = EF in the given diagram
Construction: OD, OF radii Oe
Proof:
B
Z0ED = ZOEF =90° Angles on a straight line D \;/ F
OD =0F Radii of the same circle E
OE Common
AOED =AOEF RHS congruence
.. DE =FE as required Corresponding sides in congruent triangles
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Question 12
RTP: JK passes through the centre of the circle for the given diagram

Construction: Let P be a point on JK

Proof:

Gl =HI Given

/PIG = £ZPIH Given

Pl Common

APGI zAPHI RHS congruence

Pl=PG Corresponding sides in congruent triangles

For some particular P, PG and PI must equal the radius of the circle and therefore P must be the

centre of the circle. As P is on JK, JK must pass through the centre of the circle. (as required)

Question 13
RTP: ZAOB = ZCOD in the given diagram

Constructions: OA, OB, OC and OD, radii

Proof:

OA=0C Radii of same circle

OB=0D Radii of same circle

AB=CD Given

AOAB=AOCD SSS congruency

ZAOB = ~ZCOD as required Corresponding angles in congruent triangles
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Question 14

RTP: AB=CD in the given diagram

Constructions: OA, OB, OC and OD, radii

Proof:

OA=0C
OB=0D
ZAOB = ~/COD
AOAB=AOCD

AB=CD as required

Radii of same circle
Radii of same circle

Given

SAS congruency

Corresponding sides in congruent triangles
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Question 15 C

RTP: AExEB = DExEC for the given diagram

Constructions: AD, CB chords A
Proof: B
/DAB = /DCB Angles in the same segment
ZADC = Z/ABC Angles in the same segment D
/AED = /CEB Vertically opposite angles
AAED ~ACEB AA similarity
DE EA

BE EC Corresponding sides in similar triangles are in the same ratio

.. AExEB =DExEC as required

From the above result:

ABx BC=DBxBE
4x6=xx8
24 = 8x
X=3

STxTQ=PTxTR

5x6=10xTR

30=10xTR

TR =3
y=PR
=PT+TR
=10+3
=13
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Exercise 5B

Question 1

RTP: x =155 for the given diagram

Proof:

£Z0CB =90° Angle between tangent and radius

Z0CD =90-65=25° A
AOCD is isosceles OC, OD radii of same circle
2Z0DC = Z0CD =25° Base angles of isosceles triangle

20DC+ ZEDC =180° Angles forming a line

Z/EDC =180-25=155° as required

Question 2

RTP: x =62 for the given diagram

Proof:

Z0CB =90° Angle between tangent and radius

Z0CD =90-62=28°

AOCD is isosceles OC, OD radii of same circle
20DC = Z0CD =28° Base angles of isosceles triangle
ZCOD =124° Angle sum of triangle

Z/CED = 62° as required Angle at the centre is twice the angle at the circumference
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Question 3

a

RTP: PA = PB for the given diagram

Constructions: CA, CB radii, CP

Proof:

/CAP =~/CBP =90° Angle between radius and tangent
CA=CB Radii of same circle

CP Common

ACAP =zACBP RHS Congruency

PA =PBas required Corresponding sides in congruent triangles

RTP: PC bisects £ APB
From part a,
ACAP = ACBP RHS Congruency

/CPA=~/CPB Corresponding angles in congruent triangles

PC bisects £ APB as required.

© Cengage Learning Australia Pty Ltd 2019

12



Question 4

RTP: «DBA = ZDAE for the given diagram

Constructions: AO, OD radii

Proof:

A
ZAOD = 2x° Angle at the centre is twice the angle at the circumference
OA=0D Radii of the same circle

AOAD is isosceles

Z0AD = ZODA Base angles of isosceles triangle
LOAD = 180=2X _ (90— x)° Angle sum of triangle
Z0AE =90° Angle between radius and tangent

Z0AD + ZDAE = ZOAE

/DAE =90- (90— x) = x° as required
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Question 5

RTP: x =125 in the given diagram

Proof:

AB=AC Tangents from the same point are congruent
AABC is isosceles

Z/ACB = ZABC Base angles of isosceles triangle

ACB - 180-70

Angle sum of triangle
=55°

/ACB+ #BCE =180° Angles forming a line

/BCE =180-55=125° as required

Question 6

RTP: x=110 in the given diagram

Proof:

AB=AD Tangents from the same point are congruent

AABD is isosceles

ZADB = ZABD Base angles of isosceles triangle
2ABD = 180280 _ 54 Angle sum of triangle
/ABD + #/DBG + ZGBC =180° Angles forming a line

#DBG =180-50-60 =70°

x =110° as required Opposite angles in a cyclic quadrilateral
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Question 7
RTP: x =40 in the given diagram

Constructions: OD, OB radii

Proof:
/BOD =140° Angle at the centre is twice the angle at the circumference
AODB is isosceles OB, OD radii of the same circle
20DB=~20BC Base angles of an isosceles triangle
cop -1 Angle sum of triangle
=20°
Z0BA =90° Angle between radius and tangent

/DBA=90-20=70°

AB=AD Tangents from the same point are congruent
AADB is isosceles

/BDA = Z/DBA =70° Base angles of an isosceles triangle

Z/BAD =180 — (2x70)

Angle sum of triangle
_ 400 g g
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Question 8

E
RTP: x =72 for the given diagram ‘

Proof: 18° /‘

/CDE + ZADE =180° Angles forming a line

ZCDE =90° \ N
/DCE =72° Angle sum of triangle D c
/CFE=72° Angle in alternate segment

Question 9

RTP: x =40 for the given diagram

Proof:

Z/CPG =108° Angle at the centre is twice the angle at the circumference
Z/BCP =90° Angle between tangent and radius

ZCBO =90° Angle between tangent and radius

/BOF =360- (100 + 2x90)

80° Angle sum of quadrilateral

/BEF =40° as required Angle at the circumference is half the angle at the centre

© Cengage Learning Australia Pty Ltd 2019 16



Question 10

RTP: x =25 in the given diagram

Proof:

/BEG =85° Angle in alternate segment
/GBE = 25° Angle sum of triangle
Z/DEG =25° Angle in alternate segment
Z/FEH = 25° as required Vertically opposite angles
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Question 11
RTP: MT? = MA xMB in the given diagram

Constructions: AT, BT

M
Proof :

Let ZTMA=0o,ZMTA =

ZTBA =f° Angle in alternate segment

ZTMA ~ ZBMT AA similarity

MT _MA Corresponding sides in similar triangles are in the same ratio
MB MT

MT? = MA xMB as required

PQ* =PRxPS
x* =8x(8+10)
=144
X =+12 (disregard x < 0)
X=12 cm

AD? = ABxAC
20% = y x(y +30)
400 = y* + 30y
0= y2+30y—400
= (y+40)(y-10)

-
| '
@)

y =—40,10 (disregard x < 0)
y =10 cm
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Question 12

RTP: MAxMB = MCxMD in the given diagram

Constructions: AD, BC

Proof :

In AMCB and AMAD

ZMBC = ZMDA Angles in same segment
ZAMC Common

AMCB ~AMAD AA similarity

MB MC

——=——Corresponding sides in similar triangles are in the same ratio
MD MA

MA xMB =MC xMDas required

C

B ABxAC =ADxAE
40x(40+60) =50 (50 + X)
50x + 2500 = 4000
D 50x =1500
x=30cm

= PQxPR =PSxPT
6x15=yx(y+13)
90 = y*+13y
0=y*+13y—-90
=(y+18)(y-5)
y =-18,5 (disregard y <0)
y=5cm
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Miscellaneous exercise five

Question 1

1C, =1287
81=40 320

Question 2

C, °C, =45

Question 3

’C,<°C, =70
3C, «°C, =30

Question 4 v

sin30° _sina

350 50
o=4°

‘!
final

y \
aircraft\

Missing angle in triangle: 166° 350

Bearing of aircraft 166°.
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Question 5

a

sin20° = il
10000

| |=10000 «sin 20°
20° 10000 N

=3420 —

cos 200 =1 \
10000 \
| |=10000 xcos 20° |

- 9397 \°

10000

The 10 000N downward force is (—3400i —9400j) N

b The horizontal force, i is being resisted by the brakes,.. 3400 N

Question 6
6 out of 10 if I remove one mark per error.
Error 1: AD = DC should read AD = CD to match corresponding vertices
Error 2: The line stating congruence has named vertices in the incorrect order.
It should read Thus AABD is congruent to ACBD.
Error 3: The reason for congruence is incorrect, it should be SAS.
Error 4: The link between congruence and isosceles is not clearly established.
A statement similar to AB = CB (Corresponding sides in congruent triangles)

needs to be added.
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Question 7

a AC=2b

b AF = AB+BF
=b+%b

4

3

c DC=DB+BC
=a+b

d EC=ED+DC
=b+a+b
=a+2b

e ﬁé:ﬁ%%ﬁé
1
=b+=(a+b)
2
1 3

==a+—b
2 2
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GF - GC+CF

_15¢.2CE
2 3

1 2
=2 (a+b)+2(-b)

:ia_ib
2 6

GH+HC=GC
r@mﬁ:;%ﬁ:

1 1 1
h(=a—=b)+k(a+2b)==(a+Db
(2 5 ) +k( ) 2( )

h Myikaroo=taslp
2%7% 2843

Da+ ka—la:1b+nb—2kb
2 2 2 6

(E+k—£Ja:(i+D—2kjb
2 2 2 6

As aand b are not parallel vectors the only way for this statement to be true

is if the coefficients of aand b equal zero.

~
=0
I

>
Il

=~
Il

|
N |

Il
N |-

|

Il

Nk, Njw W N
~ N

S
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